We prove that, assuming GRH, there are only finitely many newforms with rational Fourier coefficients and complex multiplication for fixed weight up to twisting. We produce tables of such forms for weights 3 and 4, where this finiteness holds unconditionally. We also comment on geometric realizations.
Introduction
This paper grew out of the wish to understand and eventually determine the modular forms which could possibly be associated to singular K3 surfaces over Q. The term "singular" refers to the maximal Picard number ̺ = 20. Hence the transcendental lattice TX of a singular K3 surface X has rank two, giving rise to a two-dimensional Galois representation. By a theorem of Livné [L] , any singular K3 surface over Q is modular, with the associated modular form of weight 3. Then we can ask which newforms occur. Our original motivation was to determine all newforms of weight 3 with rational coefficients, that is, all possibly occurring newforms. Up to twisting, we will produce a finite list in Table 1 . This result leads to the problem which of these forms actually are associated to singular K3 surfaces over Q. This will be addressed in the last section.
All the ideas involved in our analysis can be applied to newforms of general weight which have rational coefficients and CM. Hence we will treat this question in the most possible generality. A guiding and illustrating example is provided by the newforms of weight 2 with rational Fourier coefficients and CM. Since these correspond to elliptic curves over Q with CM, the finiteness result is guaranteed by the classical theory of elliptic curves with CM, and in particular, by class field theory. It will be interesting to note that all the phenomena occuring throughout the analysis of Hecke eigenforms with CM already appear (and can be explained) from this basic level.
The paper is organized as follows: First we recall some of the basic theory of modular forms and Hecke Größencharaktere, including some examples (Sect. 1, 2). Then we state our results concerning the finiteness and shape of CM-newforms with rational coefficients for fixed weight (Sect. 3). The subsequent sections, which constitute the main part of this paper, are devoted to a detailed complete proof of the results. After a short application, we conclude the paper by an explicit description of CM-newforms of weight 3 and 4 with rational coefficients (Sect. 13, 14) . In particular, this will answer the motivating question. In an outlook, we briefly comment on geometric realizations of CM-newforms with rational coefficients. 
Modular forms
In this section we recall some facts about modular forms. Our main aim is to sketch the connection between eigenforms with complex multiplication (CM) and Hecke Größencharak-teren. The fact that a Größencharakter gives rise to a modular form goes back to Hecke. On the other hand, Ribet showed that any newform with CM comes from a Größencharakter (Thm. 1.1). For details, the reader is referred to the paper of Ribet [R] .
We are concerned with the newforms in the space of (elliptic) cusp forms S k (Γ1(N )). Here, we fix an integral weight k > 1 and the level N ∈ N. Mainly, we will work with the Fourier expansion at i∞ for a cusp form
anq n , where q = e 2πiτ .
We shall use the natural decomposition
where the sum runs over the possible nebentypus characters ε modulo N with ε(−1) = (−1) k . For a cusp form f ∈ S k (Γ0(N ), ε), the transformation formula reads:
(N ) and τ ∈ H.
Here, H denotes the complex upper half plane. The compactification H is achieved by adjoining P 1 (Q) 1 (the so-called cusps).
The space of cusp forms S k (Γ1(N )) is equipped with an algebra of endomorphisms, consisting of the Hecke operators Tm for m ∈ N with (m, N ) = 1. The Hecke operators preserve the subspaces S k (Γ0(N ), ε) and can be diagonalized simultaneously. Hence, S k (Γ0(N ), ε) has a basis consisting of eigenforms of the Hecke operators Tm (m ∈ N, (m, N ) = 1). If g is an eigenform for all Hecke operators, then the eigenvalues an appear as Fourier coefficients of a unique newform. A newform f can be characterized by the minimality of its level and the property that its Mellin transform L(f, s) possesses an Euler product expansion
Let f ∈ S k (Γ0(N ), ε) be a newform. Consider the finite extension of Q which is generated by the set of Fourier coefficients {ap} of f . This field is well-known to be totally real if and only if the nebentypus ε is either trivial or quadratic with ε(p)ap = ap.
This relation occurs also in the definition of CM: A cusp form f = anq n ∈ S k (Γ1(N ) is said to have complex multiplication (CM) by a Dirichlet character φ if f = f ⊗ φ. Here, we write the twist f ⊗ φ = n∈N φ(n)anq n .
Corollary 1.2 Let f be a newform with totally real coefficients. Then the following relations hold:
(i) If the weight k is even, then the nebentypus ε is trivial.
(ii) If the weight k is odd, then f has CM by its nebentypus ε. In particular, ε is quadratic.
Hecke Größencharaktere
In this section we will explain Hecke's original definition of a Größencharakter (as opposed to Chevalley's adelic formulation) and sketch the connection to modular forms as well as a few examples. In this context, K shall denote an imaginary quadratic field. Strictly speaking, we should refer to multiplicative congruence in this context. To simplify notation, we shall omit this in the following and also tacitly extend ψ by 0 for all fractional ideals of K which are not prime to m.
In order to explain the connection with modular forms, we consider the L-series of ψ where we denote the norm homomorphism of the Galois extension K/Q by N :
Then, the inverse Mellin transform f ψ of L(ψ, s) is known to be a Hecke eigenform:
(q = e 2πiτ ).
We introduce the following notation: Let −∆ = −∆K be the discriminant of K and χ = χK the associated quadratic character of conductor ∆. Denote M = N (m) and consider the Dirichlet character η Z mod M which is given by η Z : a → ψ((a)) a l (a ∈ Z, (a, M ) = 1).
Theorem 2.2 (Hecke, Shimura) f ψ is a cusp form of weight l + 1, level ∆M and nebentypus character χη Z :
f ψ ∈ S l+1 (Γ0(∆M ), χη Z ).
f ψ is a newform (of level ∆M ) if and only if m is the conductor of ψ.
In the following, we shall always work with the conductor.
By construction, the eigenform f ψ has CM by K (or equivalently χ). From Corollary 1.2, we obtain the following restrictions on the nebentypus ε = χη Z : (i) If l is odd, then ε = 1 and hence η Z = χ. In particular, ( √ −∆) | m.
(ii) If l is even, then ε = χ and hence η Z = 1.
Let ι denote the complex conjugation. Define the trace of ψ as ψ + ψ • ι. Then the assumption that f has totally real field of coefficients is equivalent to the corresponding statement for the traces of ψ. In other words, ψ commutes with ι: 
To see this, we note the following: As an ideal, the conductor of η Z equals m ∩ Z. Thus the claim follows, since the conductor has to be divisible by 4 resp. 8.
The remainder of this section is devoted to the elaboration of two examples and some ideas concerning twisting. The first example gives Größencharaktere with rational traces, while the second produces traces in a real quadratic extension.
Example 2.5 Let K be any of the seven imaginary quadratic fields with class number 1 and trivial unit group O * K = {±1}, i.e. −∆K = −7, −8, −11, −19, −43, −67, −163. We are going to give a Größencharakter of K for any ∞-type l ∈ N.
For even l, there is a Größencharakter of K with trivial conductor and ∞-type l. This is given by
By the above arguments, ψ gives rise to a newform f ψ ∈ S l+1 (Γ0(∆K), χK ). In Theorem 3.4 we will see that these newforms provide all newforms of weight l + 1 with rational coefficients and CM by the respective nebentypus χK by means of quadratic twisting.
If the ∞-type l is odd, we can define At this point, we shall briefly explain the relation between twisting for ψ and f ψ . For this purpose, let φ be a Dirichlet character. By definition, twisting f ψ by φ corresponds to twisting ψ by φ • N . In other words,
We emphasize that the latter twist is well-defined on ideals. If O * K includes extra roots of unity, then we also have to take characters of greater order into account. This happens
Here, a quartic resp. sextic character Ξ on the ideals of 3 Formulation of the results
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K gives rise to a twist ψ ⊗ Ξ with rational traces. Therefore, we shall also consider the additional twist f ψ ⊗ Ξ := f ψ⊗Ξ .
However, its effect on the conductor resp. level is not as obvious as in the quadratic case. This will be part of the discussions in sections 9 and 10. We will often refer to these twists as admissible when we want to emphasize the rational traces.
Throughout, we shall freely employ the convention that a quadratic character has order precisely 2 and likewise for cubic characters etc.
In the following example, we shall construct two eigenforms which come from a Größencha-rakter with totally real, but not rational traces. Nevertheless, this will be important for our purposes.
Example 2.6
Consider the imaginary quadratic field K = Q( √ −15) of class number hK = 2. We are going to define two Größencharaktere ψ of K of conductor ( √ −15) and ∞-type l = 1
is the minimal field of definition Q(j(E)) of the elliptic curve E with complex multiplication by OK .
We define ψ on all principal fractional ideals of K (prime to ( √ −15)) by
For the non-principal ideals, we have to apply a normalization. For instance, this can be achieved by considering the two prime factors of (2):
, we easily derive 
for details).
The relevance of the above example for our purposes lies in the fact that by construction all even powers ψ 2l have rational traces. Thus they give rise to newforms of respective weights 2l + 1 with rational coefficients. Moreover, the same method can also be applied to all other imaginary quadratic fields K with class group consisting of 2-torsion if ∆K is odd or divisible by 8. However, one can easily see that not all newforms with rational coefficients and CM can be obtained in such a way.
Formulation of the results
In this section we formulate our main result for CM-newforms (Thm. 3.1). To prove this, we translate the statement to Größencharaktere (Thm. 3.3) . Due to work of Weinberger, this theorem follows from a classification result for Größencharaktere (Thm. 3.4). The proof of this result will be the content of the next eight sections. Having established this equivalent formulation, we are yet again going to relate Theorem 3.3 to another theorem. This theorem gives an unconditional classification of Größencharak-tere which is slightly stronger and more precise than Theorem 3.3. In it, we consider the exponent eK of an imaginary quadratic field K, that is, the exponent of the class group Cl(OK ). 
←→
Imaginary quadratic fields K with exponent eK | l .
Before we sketch the various steps of the proof, we briefly want to indicate why Theorem 3.3 follows from Theorem 3.4.
We recall a result of Weinberger: Subject to a general condition on the zeroes of the Dirichlet L-functions L(s, χK ) for imaginary quadratic fields K, he shows that
In particular this holds if the Generalized Riemann hypothesis for L(s, χK) is true (cf. [W, Thm. 4] ). Hence, Theorem 3.4 implies the conditional part of Theorem 3.3 as claimed. Of course, we could also formulate Theorem 3.3 with the weaker condition, but we omit this here for brevity.
Furthermore, Weinberger proves the finiteness of imaginary quadratic fields K with exponent eK = 2 or 3 unconditionally [W, Thms. 1, 2] (the latter is also due to Boyd-Kisilevski [B-K] ). Taking also into account the classical case of class number one as proved in [St] , we obtain the extra statement for ∞-types 1,2, and 3. Subject to Theorem 3.4, this completes the proof of Theorem 3.3.
We will pay special attention to the unconditional cases in sections 13 and 14 where we list all (or almost all) CM-newforms of weight 3 and 4 with rational coefficients up to twisting. This will answer our motivating question which originated from singular K3 surfaces over Q.
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We shall conclude this section by a sketch of how the proof of Theorem 3.4 is organized. In order to give a systematic treatment, we denote the map of Theorem 3.4, which sends a Größencharakter to its CM-field, by j:
Hecke Größencharaktere with ∞-type l and rational traces up to twisting
With this notation, the proof of Theorem 3.4 amounts to checking that j is well-defined (i.e. all CM-fields occurring have exponent eK | l) and bijective. This will be established as follows:
In the next section, we use an argument of Serre to check that j is well-defined (Proposition 4.1).
Then, section 5 gives the proof of the surjectivity of j (Corollary 5.5). Using elementary genus theory, we will also achieve a first step towards the injectivity of j (Lemma 5.7).
Finally, the proof of the injectivity of j will cover sections 6-11. The main result can be found in Theorem 6.1 and Corollary 6.2. Essentially, this will only require explicit twisting. A reduction step takes care of the unramified primes, as indicated in Proposition 6.3. We start with the odd primes in section 7 and then come to the special prime 2 in section 8. Throughout, we will exclude the fields Q( √ −1) and Q( √ −3) since these involve extra roots of unity and therefore extra twists. They will be addressed in sections 9 and 10. The proof will be completed by considering the ramified primes in section 11. Here, the reader is referred to Proposition 11.1.
Remark 3.5 Theorem 3.4 can be used to determine a Größencharakter with rational traces resp. a newform with rational coefficients and CM from few explicit data. Given the bad primes, it will always suffice to check a finite number of primes to deduce the precise conductor resp. level. This will be used in [Sch2] .
j is well-defined
In this section, we will prove that j is well-defined. Clearly, j is consistent with twisting. Thus, an equivalent formulation is provided by the following proposition which goes back to an argument of J.
Proposition 4.1 Let K be an imaginary quadratic field. Let ψ be a Größencharakter of K with rational traces and ∞-type l. Then eK | l.
At this point, we shall introduce the character η. This will be useful for the proof of the proposition and for the injectivity of j. Its definition is based on the observation that a Größencharakter ψ acts trivially on the set 1 + m. Hence, it factors through the quotient group (OK/m) * . This allows us to consider the following character on the group G = (OK/m) * :
We shall now study η in some detail. Formally, its definition coincides with that of η Z , the character describing the operation of ψ on Z/M . Recall from Corollary 2.3, that
if ψ has totally real traces. Here we tacitly use the convention that χ 2 K = 1. The two characters η and η Z only differ by the respective module of definition. Thus we deduce 4 Well-definedness 8 that η is determined on the Z-part of G in terms of the ∞-type l. By the Z-part of G, we mean the residue classes of integers in G. Denote their set by
Precisely, we obtain the following Proof: Since G is finite, η clearly has image some roots of unity. In particular, these are algebraic integers. On the other hand, η has values in K by Lemma 3.2. Hence, the claim follows.
As a consequence of Lemma 4.3, we deduce the following
Let ψ a Größencharakter of K with rational traces and ∞-type l. Then, for any α ∈ OK coprime to the conductor m,
This corollary easily enables us to prove Proposition 4.1: We let a be an ideal of OK with order n in Cl(OK), i.e. a n = (α) for some α ∈ OK . If a is prime to m, then Corollary 4.4 gives (ψ(a)) n = (α) l .
Since both (ψ(a)) and (α) are principal ideals, n has to divide l by the minimality of the order. This completes the proof of Proposition 4.1.
For convenience, we conclude this section with the following corollary of Proposition 4.1 which will be derived from genus theory. Proof: From Proposition 4.1, we obtain that eK | l. In particular, eK is odd. On the other hand, it is known from genus theory (cf. the discussion succeeding Lemma 5.7), that the 2-torsion in Cl(OK ) corresponds to the different genera. The genera come from the divisors of ∆K. If eK is odd, CL(OK ) consists of one genus. Hence ∆K can only have one prime divisor, and the claim follows.
Corollary 4.5 simplifies the study of Größencharaktere with odd ∞-type significantly. We will see this in the next section.
Surjectivity
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5 The surjectivity of j
In order to prove the surjectivity of j, we refer to Example 2.5 as a guide and illustration. For the imaginary quadratic fields with class number hK = 1 and trivial unit group O * K = {±1}, we gave a natural definition for Größen-charaktere with rational traces and conductor trivial or ( √ −∆K ) (with one exception). Our main aim in this section is to extend these ideas to fields with class number (or exponent) greater than 1 by an argument analogous to Example 2.6. Before giving details, we shall, however, give Größencharaktere of the two remaining fields with class number one, Q( √ −1) and Q( √ −3). The existence of extra roots of unity makes these fields special. We have to take particular care in the conductors.
with ∞-type l. The conductor m of ψ is given by
Here, || refers to exact divisibility in N, i.e. m || n ⇔ m | n and (m,
There is a unique Größencharakter ψ of K modulo (3) with ∞-type l. The conductor m of ψ is given by So far, we have produced Größencharaktere with rational traces and arbitrary ∞-type for every imaginary quadratic field with class number 1. To prove the surjectivity of j, we now turn to fields with class number greater than 1. Combining the approaches of Examples 2.5 and 2.6, we will show the Lemma 5.4 Let K be an imaginary quadratic field with hK > 1 and l a multiple of eK. Then there is a Größencharakter of K with rational traces, ∞-type l and with trivial conductor if l is even, resp. with conductor m = (
Proof: For the principal ideals of OK , we define a Größencharakter ψ as in Example 2.5 by
This leaves only the non-principal ideals. These can be dealt with as in Example 2.6. We consider a factorization of the abelian group Cl(OK ) into cyclic groups
Then, ψ is completely determined by its operation on a set of generators a1, . . . , ar (which are to be chosen coprime to the conductor). Letting a
In case ni is odd, this determines the root
5 Surjectivity 10 uniquely due to the triviality of O * K . On the other hand, if ni is even, there is a choice of sign in the image of ai under ψ:
Any fixed choice gives rise to a Größencharakter with rational traces and conductor as claimed.
Corollary 5.5
The map j is surjective. 
minimality does not hold at all since m = (2) is possible. An example for this is defined in (14). This exceptional case is a consequence of cubic twisting as discussed in section 10 (compare also Corollary 11.13).
Nevertheless we shall employ the convention to refer to the named Größencharaktere and their conductors as minimal throughout this paper.
We want to conclude this section with a first step towards the injectivity of j. Here, we will check this property for the minimal Größencharaktere which we contructed in the proof of Lemma 5.4.
Let K be an imaginary quadratic field with hK > 1 and l a multiple of eK . On the one hand, if eK is odd (i.e. all ni are odd), equation (1) guarantees the uniqueness of the corresponding Größencharakter. On the other hand, for every even ni we have two options due to equation (2). Let g be such that
Then the choices of sign in equation (2) give exactly 2 g−1 Größencharaktere of K with rational traces, ∞-type l and minimal conductor. In terms of their traces at the primes of K, they only differ by signs at the non-principal primes. With a view towards proving the injectivity of j, we claim Lemma 5.7 The 2 g−1 minimal Größencharaktere of K constructed above are quadratic twists.
To prove this lemma, we use genus theory. Consider the unique factorization of the discriminant −∆K into fundamental discriminants
where the δi are pairwise co-prime and δi = −4, ±8 or (
) of respective conductor |δi|. Genus theory asserts that the class group Cl(OK ) consists of 2 g ′ −1 genera. Equivalently, the number of 2-torsion elements in Cl(OK ) is 2
We now consider a Größencharakter ψ as above and twist it by a character χ which is a product of some of the χ δ i . Since ψ has complex multiplication by χK • N , twisting it by the complementary character
• N gives rise to the same Größencharakter ψ ′ . As χ and χ k χ are co-prime (in the sense that they have co-prime conductors), the twist does not affect the conductor. Hence, ψ ′ has the same minimal conductor as ψ.
Consider the 2 g products of the χ δ i . They are divided into pairs of complementary characters. The 2 g−1 pairs give rise to as many Größencharaktere with minimal conductor by way of twisting ψ. These twists differ due to the uniqueness of the CM-field (Thm. 1.1). Hence, the twists produce exactly the minimal Größencharaktere considered in Lemma 5.7. In other words, each pair of fundamental characters uniquely corresponds to a genus. This finishes the proof of Lemma 5.7.
The injectivity of j
In this section, we will show how the injectivity of j can be proven. The general idea consists in exhibiting an admissible twist (in the sense of p. 5) which gives rise to a minimal Größencharakter in the notion of Remark 5.6. This will imply the injectivity of j because of Lemma 5.7.
Theorem 6.1 Let ψ be a Größencharakter with rational traces. Then there is an admissible twist ψ ⊗ Ξ with minimal conductor.
Before we sketch the proof of this theorem, which will actually cover the next five sections, let us explain how it implies the injectivity of j.
Fix the imaginary quadratic field K and the ∞-type l. By Lemma 5.7, all minimal Größencharaktere of K with ∞-type l are equivalent under twisting. After twisting according to Theorem 6.1, the same holds for any two Größencharaktere of K with rational traces and ∞-type l. We obtain the Corollary 6.2 j is injective.
Theorem 6.1 concerns the conductor of a Größencharakter ψ and its twists. The main advantage of this approach is that the conductor is completely controlled by the character η which was defined in section 4. Moreover it is immediate that twisting ψ corresponds to twisting η:
In other words, up to twisting with fundamental characters, all the information about ψ is encoded in η. Therefore, we will work with η rather than with ψ in what follows.
In the proof of Theorem 6.1, the twisting will be exhibited primewise. For every prime p dividing the conductor m, we perform an admissible twist such that the p-parts of the conductor of the twist and of the minimal conductor agree. Generally the twisting character will have p-power conductor. Here, we write p (andp) for the primes of OK and p for the corresponding primes of Z.
If a prime p divides m, we factor m = m ′ p ep or m = m ′ p eppep , such that m ′ is prime to p. Then we restrict η to the multiplicative subgroup
We denote the restrictionsη
By the Chinese remainder theorem,
The further factorization of this abelian group will allow us to determineη explicitly. Then we will exhibit the corresponding twist which produces the right conductor. This will also give us the possible values for the exponents ep. We collect them in Proposition 12.1.
We shall first exhibit the described reduction step for the unramified primes. This will be the major step towards the proof of Theorem 6.1.
Proposition 6.3 (Reduction step)
Let ψ be a Größencharakter with rational traces. Then there is an admissible twist ψ ⊗ Ξ with conductor composed of the ramifying primes.
The proof of this proposition is divided into the next four sections, according to the occuring twists.
In the first two sections, we restrict to imaginary quadratic fields K with trivial unit group O * K = {±1}. Hence, we only have to consider quadratic twists due to Lemma 4.3. We first take care of the odd primes p (Proposition 7.1). Each of these comes with a unique quadratic character χp of conductor p. Then we treat the primes above 2, where the quadratic characters χ−1 and χ±2 of respective conductors 4 and 8 occur (Lemma 8.1).
Finally, sections 9 and 10 are devoted to the fields Q( √ −1) and Q( √ −3) with larger unit groups. For the quartic and sextic characters in question, we apply methods in analogy with the corresponding elliptic curves with CM. The relevant results can be found in Proposition 9.8 and 10.6.
After the proof of the reduction step, we analyze the ramified primes in section 11. Proposition 11.1 will finish the proof of Theorem 6.1.
The following lemma will be useful for the study of the unramified primes:
Lemma 6.4 Let ψ be a Größencharakter of K with rational traces and conductor m. Let p be an unramified prime of OK which divides m. Considerη as constructed above. Theñ
Proof: If the ∞-type l of ψ is even, the statement follows from Corollary 4.2. If l is odd, then we know that
Recall that in this setting ∆K is either an odd prime or 4 or 8 (Cor. 4.5). In the first case, we can use the property ( √ −∆K) | m from Corollary 2.3. Since p is unramified, this gives (
Hence we have the implication (4) now gives the claim. For ∆K = 4 or 8, the same argument can be applied using the relation from Remark 2.4. This finishes the proof of Lemma 6.4.
7 Reduction step for odd primes and trivial unit group O * K
In this section, we will restrict to fields with trivial unit group O * K = {±1} and prove the reduction step (Prop. 6.3) for all (unramified) odd primes. 7 Reduction step for odd primes and trivial O * K
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Applying this proposition primewise, we can twist away all unramified odd primes. We obtain a Größencharakter whose conductor is composed of the ramified primes and the primes at 2.
The remainder of this section is devoted to the proof of Proposition 7.1. Due to the correspondance (3), this will be achieved by etablishing the claim
We shall now distinguigh between two cases according to the splitting behaviour of p in K.
p stays inert in K
In this case,η operates on the quotient Ω ∼ = (OK /p e ) * . As an abelian group, it has a factorization
whereΩ is a group of cardinality p 2(e−1) . In particular, this cardinality is odd. Henceη as a quadratic character operates trivially onΩ. This gives e ≤ 1.
We deduce that Ω = (OK/p) * = C p 2 −1 with a non-trivial action of the quadratic character η. Then we realize that χp • N defines another non-trivial quadratic character on Ω. For this, we first have to check the well-definedness. This can be read off from the implication
For the non-triviality, we recall that p splits in OK as a principal ideal if and only if χ δ (p) = 1 for every fundamental discriminant δ dividing ∆K . Hence χp • N ≡ 1 on Ω for an unramified prime p. Since Ω is cyclic, any two non-trivial quadratic characters on Ω have to coincide. Thus the claim (5) follows.
p splits in K
We write p = pp such that m = m ′ p eppep . Hence the canonical factorization becomes
The respective quotient maps Ω → Ωi shall be denoted by [·] i. Since p =p, the summands are isomorphic to (Z/p ep ) * and (Z/p ep ) * , respectively.
We factorη =η1η2 with the charactersηi operating on Ωi. We can view them as acting on (Z/p e ) * for the respective exponent e. With this notion, our next result is that the characters are conjugate:η
This is a direct consequence of the equality from Lemma 6.4
To deduce the result, we only need that [a]1 ≡ [a]2 mod p min(ep,ep) for a ∈ Ω Z . In particular, the conjugacy (6) implies that
Our next claim is that the charactersηi are in fact quadratic; then, by conjugatioñ η1 =η2.
To prove this, let us assume on the contrary that the characterη1 is not quadratic, and establish a contradiction. By assumption, there is an element α ∈ Ω withη1([α]1) ∈ {±1}. * K
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Let np, n m ′ be the respective orders of p and m ′ in the class group Cl(K), so that p np = (π) and m ′ n m ′ = (µ) for some π, µ ∈ OK . We then consider the elements
Taking k in the range of 0, . . . , p e − 1, the residue classes [α + kπµ]2 run through the whole of Z/p e by definition. Hence there is a k0 such that [α + k0πµ]2 = [1]2. This gives the required contradiction, sinceη is quadratic by Lemma 4.3:
Since theηi are quadratic, we obtain the bound e ≤ 1. This comes from the factorization
due to the odd cardinality of the second factor.
As a non-trivial quadratic character on F * p ,ηi coincides with χp(i = 1, 2). We will now show that this givesη = χp • N as in claim (5).
To see this, we note that [α]2 = [ᾱ]1 in F * p ; in particular, for α ∈ Ω Z , we can delete the subscript, regardless of the factor. For general α ∈ Ω we thereby obtaiñ
This proves claim (5) and subsequently Proposition 7.1.
We end this section with the following observation: As in the previous section, the lemma will be proved by establishing the equalitỹ
The analysis will be slightly more involved since we have to consider three quadratic characters instead of one. Moreover, all groups but possibly one which are involved in the factorization of Ω are 2-groups. Hence we cannot use the cardinality arguments of the previous section. Instead, we will perform some explicit computations. We shall first come to the split case where we use the known shape of (Z/2 e ) * . * K 15 8.1 2 splits in K We apply the argumentation developed for the odd primes in section 7.2. A careful analysis shows that only the factorization of (Z/2 e ) * makes a substantial difference. Hence, in the first instance, we derive thatη1 andη2 are conjugate and quadratic, thus coincide. In particular, we thereby obtain e = ep = ep.
Then, (Z/2)
* is trivial, so e = 1. For e > 1, the factorization of Ωi gives two factors:
We read off the three possible quadratic characters χ−1 and χ±2 forηi. Furthermore, we see that e ≤ 3.
We conclude as in section 7.2 thatη =ηi • N . This proves equation (8) and thereby Lemma 8.1 for the split case.
2 stays inert in K
2 stays inert in OK if and only if ∆K ≡ 3 mod 8. Write ∆K = 4δ − 1 for some odd squarefree δ ∈ N. As in the split case, we can easily exclude the exponent e = 1, since OK /2 ∼ = F4 with group of units C3. This does not admit a non-trivial quadratic character.
For greater exponents, we will compute generators of the factors of (OK/2 e ) * . For this purpose, let α denote a root of
The proof of equality (8) builds on the constant number of factors of Ω. More precisely, we find generators of the 2-factors of Ω which are independent of the actual exponent. For e > 1, a straight inductive argument gives
The first two factors include Ω Z ∼ = (Z/2 e ) * =< −1 > × < 5 > as a subgroup of index 2. By cardinality reasons and Lemma 6.4, the quadratic characterη can only act non-trivially on the factors generated by 1 − 2α and 1 + 4α. This gives the bound e ≤ 3.
For both generators we have two options in choosing signs. Together these correspond to the four quadratic characters in question (including the trivial one). Let us make this explicit for e = 2. If e = 2, then < 1 + 4α > is trivial, andη operates non-trivially on < 1 − 2α >. We claim
This character is well-defined on Ω, since for a, b ∈ OK
Clearly, the characters coincide on the first and last factor of
For the middle factor, we use that N (a + bα) = a 2 + ab + δb 2 for a, b ∈ Z. Hence χ−1 • N (1 − 2α) = −1, and this proves the claim. 9 Reduction step for Q( √ −1)
In this section we will prove the reduction step (Prop. 6.3) for the field K = Q( √ −1). Since K contains the primitive fourth root of unity i, we have to take quartic characters into account. As a motivation, we consider the elliptic curve E with CM by OK :
The associated Größencharakter Ψ was given in Example 5.1 with conductor m = (2 + 2i) and ∞-type l = 1.
Quartic twists can be derived from the change of variables
This gives rise to the twisted elliptic curve
The associated Größencharakter Ψ d can be related to Ψ by biquadratic reciprocity. Biquadratic reciprocity is expressed by the fourth-power residue symbol
This character is well-defined on ideals of OK . It sends a prime p of K, which is coprime to 2d, to the unique fourth root of unity ζ, such that
Using Jacobi sums, one can show that Theorem 9.1 (Ireland, 18, § 4, 6] )
By the classical theory of elliptic curves with CM, this implies the injectivity of j for this special case:
Any two Größencharaktere of K with rational traces and ∞-type 1 are equivalent under twisting.
For general ∞-type, the injectivity of j requires to prove the analogous statement. In this section, we prove the reduction step (Prop. 6.3) for the unramified primes of K. Throughout we employ the usual notation.
Fix l ∈ N. Let ψ be a Größencharakter of K with rational traces and ∞-type l. Denote the conductor of ψ by m. Assume that p is an unramified prime of K with (p, m) = 1. Let m ′ the part of m which is prime to p.
We are concerned with the characterη on Ω as constructed in section 6. By Lemma 4.3, η is at most quartic. Ifη is quadratic, we can apply the methods of section 7 to deduce the following analogue of Proposition 7.1:
In the above notation, assume thatη is quadratic. Thenη = χp • N , and ψ ⊗ (χp • N ) has conductor m ′ .
In general, exactly the same arguments can be used for quarticη instead of quadratic. We only have to replace the target group {±1} by < i >, the actual O * K . In the split case, this gives quarticity and conjugacỹ η1 =η2 as quartic characters on (Z/p e ) * .
As a consequence, we obtain the same bounds as in the quadratic case:
For a Größencharakter of K with rational traces and an unramified prime p of K, we have ep = ep and ep ≤ 1.
In the inert case, the bound follows from the usual cardinality argument.
Since quadratic twisting has been settled completely in Lemma 9.3, we shall now assume thatη has order 4. We want to compareη to the quartic character
Here p * = χ−1(p)p is the fundamental discriminant associated to p. We emphasize that this character is well-defined on the ideals of OK. However, it does not have conductor p in general, contrary to the quartic character
To determine the precise conductor, we recall the notion of primary elements of K: α ∈ K is called primary if α ≡ 1 mod (2 + 2i).
By definition, p * is primary. We will deduce the conductor from the following relation between = χp • N , the conductor is at least p. On the other hand, it is at most 2p by Remark 9.6.
To determine the precise conductor, we shall now consider α, β ∈ K which are coprime to 2p, such that α ≡ β mod (1 + i)p, but α ≡ β mod 2.
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Let ζ be the unique fourth root of unity, such that ζα is primary. Then iζβ is semi-primary. Theorem 9.5, combined with Remark 9.6, gives
Here, the last equivalence is directly derived from the definition of the fourth power residue symbol. If p ≡ ±3 mod 8, it follows that the conductor is 2p. In the other case, we note that
Using this identification, we conclude that
has conductor p if p ≡ ±1 mod 8. This completes the proof of Corollary 9.7.
As a consequence,
is not well-defined on the initial group G = (OK/m) * if p ≡ ±3 mod 8 and 2 ∤ m. We will therefore consider the given Größencharakter ψ only modulo the least common multiplẽ
Then we start withG = (OK /m) * and consider the restrictioñ
By Corollary 9.4, we have
Hence we may abuse notation and considerη as a character on the modified groupΩ. By definition,Ω only consists of semi-primary elements. Hence, the quartic character Proof: We have seen that Lemma 9.3 corresponds to j = 2. Hence we can assumeη to have order 4. We distinguish two cases.
If p stays inert in K, i.e. p ≡ −1 mod 4,Ω ∼ = F * p 2 is cyclic. Here we need that ep = 1 by Corollary 9.4. Hence, the two quartic charactersη and −p · 4 onΩ are either equal or conjugate. This is equivalent to the claim.
If p splits as p = pp, we factorη =η1η2 with respective quartic characters on OK /p and OK /p in the notation of section 7.2. But then, the only quartic characters on OK /p are
and likewise for OK/p due to cyclicity. We now use that the charactersη1,η2 are conjugate when considered on Z/p (cf. eq. (10)). Since [α]2 = [ᾱ]1, this gives
for some j ∈ {1, 3}. With Remark 9.6, the law of biquadratic reciprocity (Thm. 9.5) leads toη
This finishes the proof of Proposition 9.8.
We conclude this section by recalling that Proposition 9.8 implies the reduction step (Prop. 6.3) for K = Q( √ −1). This is because a biquadratic twist for an unramified prime p does only affect the factors of the conductor at the ramified prime (1 + i) and at p. Since the latter disappears, all unramified primes can be successively twisted away. To complete the proof of the reduction step (Prop. 6.3), there is one more imaginary quadratic field to examine: K = Q( √ −3). In this case, O * K consists of the sixth roots of unity. Let us fix one primitive third root of unity and denote it by ̺.
Working withη as usual, the techniques of sections 7 and 8 can directly be applied to the unramified primes. In doing so, we only have to replace "quadratic" by "sextic" and insert the adequate O * K . In this way, we obtain completely analogous properties forη, e.g.: Following this remark, let us assumeη to be cubic. Recall thatη operates trivially on Ω Z by Lemma 6.4. We will compareη to the cubic residue symbol
This sends a prime q of OK which is co-prime to 3p, to the unique third root of unity ζ, such that p
As in the previous section, we have to take special care of the conductor of this cubic character. For this purpose, we introduce the notion of primary elements in K:
We call an element α ∈ K primary, if it satisfies the congruence α ≡ 1 mod 3.
We note that this definition differs from the classical one which requires a congruence to −1. However, for cubic reciprocity, this does not make a difference, since −1 is a third power. Hence we obtain the Theorem 10.4 (Law of cubic reciprocity [I-R, 9, Thm. 1]) Let p = 3 be a prime. Restricted to primary elements, we have the equality
The law of cubic reciprocity enables us to find the conductor of
Corollary 10.5 Let p = 3 be a prime. Then
The proof of this corollary follows exactly the lines of the proof of Corollary 9.7. In particular, this means that
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As a consequence, we have to make the same modification as in the previous section. That is, we consider the Größencharakter ψ only modulo the least common multiplẽ
Then, the previous argument can be copied word by word (with the third-power residue symbol replacing the fourth-power). This leads to the Proposition 10.6 Let ψ be a Größencharakter of K with rational traces. Let p = 3 be a prime with (p, m) = 1. Then there is a twist ψ ⊗ Ξ modulom ′ . Ξ is either a product of a quadratic twist χ • N and
or it is a single character of these. Here, χ = χp (or χ−1, χ−2 if p = 2).
This proposition concludes the proof of the reduction step (Prop. 6.3). The proof of Theorem 6.1 now only requires to deal with the ramified primes. Before this will be done in the next section, we briefly note:
Remark 10.7 Consider the elliptic curve with CM by OK, -R, 18, § 3, 7] .
This is a very instructive example, since all phenomena discussed above already occur here. The associated Größencharakter Φ has conductor (3) and ∞-type 1 as given in Example 5.2. The corresponding statement concerning the twisting may be found in [I
Ramification step
In this section we will finish the proof of the injectivity of j (Cor. 6.2). For this purpose, we have to show Theorem 6.1: Every Größencharakter with rational traces can be admissably twisted to obtain the minimal conductor of Remark 5.6. In the reduction step (Prop. 6.3), we eliminated the unramified primes from the conductor. Hence, Theorem 6.1 will now follow from Proposition 11.1 (Ramification step) Let ψ be a Größencharakter with rational traces and conductor composed of the ramified primes. Then there is an admissible twist of ψ with the minimal conductor of Remark 5.6.
We will exhibit the proof of the ramification step case by case-wise, as in the proof of the reduction step (Prop. 6.3). Throughout, we write p for the prime of Z which ramifies as
For later use, let us note the following analogue statement to Lemma 6.4:
Lemma 11.2 Let ψ be a Größencharakter of K with rational traces and ∞-type l. If p is a ramified prime dividing the conductor of ψ, thenη
This lemma follows from Corollary 2.3 in connection with Corollary 4.5.
In this case,η is a quadratic character on Ω = (OK/p e ) * = Cp−1 ×Ω whereΩ denotes a group of cardinality p e−1 . Hence e ≤ 1. But then,
Thus, η is uniquely determined by Lemma 11.2. This uniqueness implies the ramification step (Prop. 11.1) for the case under consideration. As an application, we obtain the Corollary 11.3 Let ψ be a Größencharakter of K = Q( √ −3) with rational traces and ∞-type l. If p is an odd ramifying prime, then
. Then 2 ramifies in K if and only if 2 | ∆K . We distinguish between two settings: 4 || ∆K and 8 | ∆K .
8 | ∆K
Write ∆K = 8δ for some odd squarefree δ ∈ N. Then p = (2, √ −2δ) is not principal unless δ = 1. We shall now compute the factorization of Ω = (OK /p e ) * in terms of the exponent e = ep.
Since OK/p is trivial, e = 1 is ruled out. If e = 2 or 3, we calculate
In general, a straight inductive argument gives
Here, for e > 3, 1 + √ −2δ has order 2 ǫ with ǫ = ⌊ e 2 ⌋. As a consequence,η is determined completely by its operation on 1 + √ −2δ due to Lemma 11.2. We shall now treat the cases of odd and even ∞-type l of ψ separately.
If l is even, thenη|Ω Z = 1. Hence, e = 2 is the only non-trivial possibility. Then, η = χ−1 • N by inspection. Here, χ−1 • N is well-defined on Ω by implication (9).
For odd l, Corollary 4.5 implies δ = 1. Thus, e ≥ 5 by Remark 2.4. But then, this is the only possible exponent due to the factorization of Ω Z . We obtain two Größencharaktere with the same conductor, corresponding to the choice of sign inη(1 + √ −2δ). This result agrees with Example 2.5 and proves the ramification step (Prop. 11.1) for this case. 
4 || ∆K
Let ∆K = 4δ for some squarefree natural number δ ≡ 1 mod 4. The field Q( √ −1), i.e. δ = 1, will be treated separately in section 11.3. For δ > 1, the ∞-type l of ψ has to be even by Corollary 4.5. Hence, Corollary 11.3 implies m = p e . Therefore, we will work directly with G and η instead of restricting to Ω. Note that p = (2, 1 + √ −δ) is non-principal for δ > 1..
The factorization of G rules out exponent e = 1 as before. For e > 1, an inductive argument shows that
Here, G Z has index 2 in G Z [ √ −δ] and the order of 1 + 2 √ −δ in G is 2 ǫ with ǫ = ⌊ e 2 ⌋ − 1.
Because of Lemma 11.2, η operates trivially on G Z . Hence, it is determined by its operation on √ −δ and 1 + 2 √ −δ. Our next claim is that the second element already suffices. In other words,
To see this, let η(1 + 2 √ −δ) = 1. We note that
Therefore, our assumption η(1 + 2 √ −δ) = 1 implies m | (2), i.e. e ≤ 2 by the definition of a Größencharakter and its conductor. We shall now assume e = 2 and establish a contradiction.
Since (OK /p
2 ) * = C2 = < √ −δ >, the assumption e = 2 implies η( √ −1) = −1. As a consequence, the operation of ψ on an principal ideal (a + b √ −δ) of OK with a, b ∈ Z can be described as
Here, we only need that m = 2 and η( √ −δ) = −1. We shall now derive a contradiction. Consider the following non-principal ideal a of K:
This is prime to p, since 2 ∤ δ+1 2
. The order of a in Cl(OK ) is two:
is divisible by 2, we have σ(a 2 ) = −1. For the non-principal ideal a, this leads to
As δ > 1, ψ(a) does not have rational trace, giving the required contradiction. This rules out e = 2 if η(1 + 2 √ −δ) = 1. Hence, it proves the claim (12).
Then, the only non-trivial case consists of η(1 + 2 √ −δ) = −1. We claim that this corresponds to e = 4. This can be seen as follows: On the one hand, this is the first exponent where 1 + 2 √ −δ contributes non-trivially to G (cf. eq. (11)), so e ≥ 4. On the other hand, η operates trivially on
Thus m | (4), i.e. e ≤ 4. This proves the claim. We deduce the We now finish the proof of the ramification step (Prop. 11.1) for this case. This will be achieved by proving that (if e = 4)
From implication (9) we derive that χ2 • N is well-defined on G. Then we consider the twist by this character. Since η ⊗ (χ2 • N )(1 + 2 √ −δ) = 1 by construction, this twist has zero exponent due to relation (12). In other words, the conductor becomes trivial, and equation (13) as well as the ramification step (Prop. 11.1) follow.
11.3 (1 + i) as the ramified prime in Q( √ −1)
. In this case, the only ramified prime is p = (1 + i), such that m = p e by assumption. We consider G = (OK /m) * and the quartic character η on G. As usual, e = 1, since otherwise G would be trivial. For e > 1, we obtain the factorization of G from equation (11) 
The action of the character η on G Z [i] is known a priori. For G Z , this is immediate from Lemma 11.2. For the units O * K =< i >, it follows from the fact, that ψ operates on ideals:
As a consequence, η is determined by its operation on 1 + 2i. In particular, it is a priori unique if e ≤ 3. This exponent corresponds to the minimal conductor of Example 5.1.
Remark 11.6
In section 9, we had to consider the Größencharakter modulo a subideal in order to comparẽ η to the fourth power residue symbol. We want to show that this modification does not cause any ambiguity. We replaced the conductor m by the least common multiplẽ m = [2, m]. Then, the given twist was defined modulom We now investigate the exponents e > 3. If η(1 + 2i) = −1, i.e. e = 4, we twist by χ2 • N exactly as in the previous section (cf. eq. (13)).
The only other possibilities are η(1 + 2i) = ±i. These correspond to e = 6 since then the order of 1 + 2i in G is four. We want to compare η to the character 2 · 4 which maps 1 + 2i to i. For this purpose, we need that
is well-defined on G:
has conductor 8.
Proof: Because of the factorization of G, the conductor is at least 8. The fact that this is also an upper bound, relies on the following Theorem 11.8 (Dirichlet [C, Thm. 4 
.23])
Let a be an ideal of OK which is co-prime to 2. Write a = (a + 2bi) with a, b ∈ Z. Then 2 a 4 = i ab .
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From this theorem, it is elementary to deduce the following: Let α, β ∈ OK with odd norm. Then
is defined modulo 8. This finishes the proof of Lemma 11.7.
As a result, if e = 6, we can twist ψ by acts trivially on 1 + 2i. Hence, it has minimal conductor by our above considerations. This concludes the proof of the ramification step (Prop. 11.1) for K = Q( √ −1).
We shall now collect all possible exponents e. For e > 3, these are immediate from the above analysis. For e ≤ 3, we first of all use the description of the minimal conductors in Example 5.1. However, we also have to take the extra effect of biquadratic twisting into account. By Remark 2.4, this can only occur for even ∞-type:
Corollary 11.9 Let ψ be a Größencharakter of Q( √ −1) with rational traces and ∞-type l. Then
11.4 ( √ −3) as the ramified prime in Q( √ −3)
In this subsection we let K = Q( √ −3) with ramified prime p = ( √ −3). Hence, the conductor is m = p e and η is a sextic character on G = (OK /p e ) * . Again this is predetermined on G Z [̺] by Lemma 11.2 and the fact that ψ is defined on ideals. Here, ̺ denotes a primitive third root of unity. The first quotients are
Since on these factors η is pre-determined, a Größencharakter of K as in Proposition 11.1 with exponent e ≤ 2 is unique (for fixed ∞-type). Hence it has to be the minimal Größencharakter of Example 5.2.
Remark 11.10
Recall the modification of the conductor, which was exhibited during the cubic twisting of the unramified primes in section 10. As in Remark 11.6, we conclude that this modification does not cause any ambiguity. This follows from the uniqueness of the resulting Größencharakter for e ≤ 2.
For general exponent e > 2, a straight inductive argument leads to the factorization
Here, ǫ = ⌊ e 2 ⌋ − 1. Since η has order at most six, we have to consider a non-trivial contribution of the last factor. So let us assume that η(1 + 3 √ −3) = 1. This is equivalent to e = 4. We shall now twist η with the cubic character
or its conjugate. For this purpose, we need the Lemma 11.11
This is a direct consequence of:
Theorem 11.12 (Eisenstein [I-R, 9, Ex. 5]) Let α = a + 3b √ −3 be primary in OK. Then
12 Conclusion
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Because of Lemma 11.11, we can twist ψ by
. Since
one of the twists operates trivially on 1+3 √ −3. This leads to exponent e ≤ 2 and therefore minimal conductor. This completes the proof of the ramification step (Prop. 11.1).
Finally, we collect the generally possible exponents e ( √ −3) . Here, we also have to consider the special effect of cubic twisting on the conductor.
Corollary 11.13
Let ψ be a Größencharakter of Q( √ −3) with rational traces and ∞-type l. Then
Conclusion
In the preceeding section, a detailed analysis has shown that every Größencharakter with rational traces whose conductor is composed of the ramified primes, can be twisted to obtain the minimal conductor. This proves the ramification step (Prop. 11.1). Together with the reduction step (Prop. 6.3), this enables us to deduce the corresponding statement for general Größencharaktere with rational traces, independent of the conductor (Theorem 6.1).
On the other hand, for a fixed field and ∞-type, all minimal Größencharaktere are equivalent under twisting by Lemma 5.7. Hence, Theorem 6.1 suffices to prove the injectivity of j (Cor. 6.2). This settles the remaining part of the proof of Theorem 3.4: Größencharaktere with rational traces and fixed ∞-type l are, up to twisting, in 1:1-correspondence to imaginary quadratic fields K with exponent eK | l.
In particular, this implies, subject to GRH, that there are only finitely many CM-newforms with rational coefficients and fixed weight up to twisting (Thm. 3.1). We will spend the next two sections with an investigation of the cases of weight 3 and 4 where this holds unconditionally. For weight 2, the corresponding result can be derived from [Si, App. A, §3] . The associated Größencharaktere can be found in Examples 2.5, 5.1 and 5.2.
The main content of this section is the following table. For a Größencharakter with rational traces, the table lists the possible exponents ep of its conductor at a prime p. The values are collected from Corollaries 7. 2, 8.2, 9.4, 10.1, 11.3, 11.4, 11.5, 11.9, 11.13 . --0,1 3,4,6 0,2,4,6 ---∆K = 3 1,2,4 0,2,4 0,1 ----0,1,2,3 In terms of these exponents, we can also give the corresponding statement for the level of the associated newforms. These possible values can be compared to results of Serre [Se, (4.8.8 
Note that these bounds only apply to even weight. Meanwhile, our results only hold for CM-forms, but of arbitrary weight.
Corollary 12.2
In arbitrary weight, Serre's bounds on the exponents of the level hold for CM-newforms with rational coefficients.
The CM-newforms of weight 3
In this section we will give all CM-newforms of weight 3 with rational Fourier coefficients up to twisting (except for possibly one). By a theorem of Livné [L] , these constitute exactly the modular forms which can a priori appear as non-trivial factor L(TX , s) in the L-series of singular K3 surfaces over Q. Hence this section answers the question which was our original motivation. In particular, we deduce the Proof: The classifications by (ii) and (iv) coincide due to Theorem 3.4 which also gives the extra claim. With the help of this theorem, the equivalence of (ii) and (iv) with (i) follows from [L, Thm. 1.3, Ex. 1.6] . Finally, (iii)⇔(iv) can be read off from Proposition 12.1. This completes the proof of Proposition 13.1.
We shall now come explicitly to the newforms of weight 3. They correspond to Größencharaktere of ∞-type 2. By Theorem 3.4 (or the above lemma), we are therefore concerned with those imaginary quadratic fields whose class group consists only of 2-torsion. In other words, every genus consists of a single class. These fields are related to Euler's convenient numbers (or idoneal ) and were also studied by Gauss.
In 1934, Chowla [Ch] proved that the number of imaginary quadratic fields with exponent 1 or 2 is finite. In 1973, Weinberger [W, Thm. 2] showed that the list of known fields was almost complete. More precisely, he stated that there was at most one imaginary quadratic field with exponent 2 and negative discriminant ∆K > 5460. He showed that this would have ∆K > 2·10 11 . Subject to some condition on Dirichlet L-functions, which in particular would be a consequence of GRH, he proved that the known fields with ∆K ≤ 5460 give the complete list.
In this section, we will give a newform f = n anq n of weight 3 with rational Fourier coefficients and CM by K for every such field K. As explained, the list is complete except for possibly one more newform (of level at least 2 · 10 11 ). The Fourier coefficients were calculated by a straight forward computer program. We used the following normalization to choose one particular newform out of the 2 g−1 twisted minimal ones of Lemma 5.7: If g > 1, order the primes ramifying in K as 0 < p1 < . . . < pg. Then the table lists the newform with ap g = −p while ap j = p for all j < g.
14 The CM-newforms of weight 4 27 A further comment concerns the question of minimal conductor resp. level as discussed in Remark 5.6. The table lists the CM-form of weight 3 with minimal 3-power level, which is 27. As explained in the remark, there is also a weight 3 newform with CM by Q( √ −3) and level 12. The corresponding Größencharakter of conductor (2) is defined by
Here, we see the effect of cubic twisting on the conductor.
In Table 1 , the first column lists the level N of the respective CM-newforms. By Proposition 13.1, such a newform has CM by Q( √ −N ). This also gives its nebentypus. We then list the Fourier coefficients at the first 30 primes.
14 The CM-newforms of weight 4
This section is concerned with CM-newforms of weight 4 with rational Fourier coefficients. By Theorem 1.1, these forms correspond to Größencharaktere of quadratic imaginary fields with rational traces and ∞-type 3. Hence, Theorem 3.4 shows that we can restrict our attention to those imaginary quadratic fields whose class group consists only of 3-torsion. The number of these fields is known to be finite. This goes back to Boyd and Kisilevski [B-K] , but can be also be found in Weinberger's article [W] .
Unfortunately, we have not found an explicit list of imaginary quadratic fields with exponent 3. Hence, we searched for them with a straight forward computer program. Among the imaginary quadratic fields with discriminant down to −100.000, we found 17 such fields. The lowest discriminant of them is −4027. (This is also the only field among them with class group different from Z/3: Cl(Q( √ −4027)) ∼ = Z/3 × Z/3, as already computed by A. Scholz and O. Taussky in 1934 [S-T] .) We expect this list to be complete, but do not know a proof of this statement.
For each of these imaginary quadratic fields K with exponent 3 and those of class number 1, Table 2 lists the unique newform with CM by K, rational Fourier coefficients and minimal level N . To be precise, the uniqueness only holds with the exception of Q( √ −2) where the twist by χ−1 has the same level; this has been discussed in Example 2.5 and section 11.2.1. In the table, the level constitutes the first column and is expressed as N = M ∆ 
Outlook
Finally we want to return to the question which it all started with. Or in fact, we turn it around.
Originally, we wanted to understand the modularity of singular K3 surfaces in terms of the associated newforms of weight 3. This has been addressed by Table 1 in section 13. The natural question now is which of these newforms actually occur in the L-series of some K3 surface over Q.
We formulate this problem in general form:
Question 15.1 Which CM-newforms with rational coefficients (and weight k) have geometric realizations, say in a projective variety X over Q with h k−1,0 (X) = 1?
In other words we ask whether the Galois representation associated to a newform occurs as 2-dimensional motive of some projective variety which is defined over Q. Here we tacitly only consider varieties different from the classical (k − 2)-fold fibre product of the universal elliptic curve with level N -structure which was fundamental to Deligne's construction of the associated Galois representation for a newform of weight k and level N . (In general, these fibre products do not meet the given criterion.)
What makes our situation special, is that we have very precise associated geometric objects, different from Deligne's fibre products. Namely, these objects are the elliptic curves with CM by the respective field K. By the classical theory of CM, this gives a positive answer to our question for weight k = 2. For higher weight, it is probably most natural to ask for geometric realizations in Calabi-Yau varieties over Q. For weight 3, i.e. dimension 2, this leads exactly to the singular K3 surfaces we started with. In this respect, they are classified in terms of their discriminants up to squares (cf. Prop. 13.1). We shall now give a brief overview of what seems to be known for this case.
The perhaps most famous and at the same time basic singular K3 surface is the Fermat quartic in P 3 . As its transcendental lattice has discriminant 64, it corresponds to the newform of weight 3 with rational coefficients and CM by χ−1 (i.e. the newform with level 16 in the table of section 13).
By a result of Shioda and Inose [S-I, Lemma 3.1], every singular K3 surface has an elliptic fibration. Therefore, we might want to consider those K3 surface next, which are modular elliptic (in the sense of Shioda). These were treated in detail in [L-Y] . The corresponding newforms have CM by the fields with discriminant −∆K = −3, −7, −8 next to the above −4.
As modular elliptic surfaces are extremal (i.e. they have maximal Picard number and finite Mordell-Weil group), the next step logically consists in taking all extremal elliptic K3 fibrations into account. In terms of configuration of singular fibres and intersection form of the transcendental lattice, these fibrations have been completely classified in [S-Z] . Concrete realizations (mostly over Q) have been obtained in [T-Y] , [Sch1] and [B-M] . Up to twisting, these give rise to 21 further newforms. These surfaces exhaust the semi-stable extremal K3 fibrations (the Miranda-Persson list) as well as those fibrations coming from rational elliptic surfaces after a base change.
With respect to fields of definition, the classification of [S-Z] has not yet been further investigated to our knowledge. However, the remaining extremal elliptic K3 fibrations cannot give rise to other newform by inspection of the corresponding discriminants (cf. Prop. 13.1). This exhausts the extremal elliptic K3 fibrations over Q in terms of the associated weight 3-newform, terminating at 25 newforms.
Another idea consist in searching families of K3 surfaces with high Picard number for singular members (which do not admit an extremal elliptic fibration). This approach is currently being pursued by N. Elkies and the author.
